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METHOD FOR DETERMINING THE CRITICAL PATH OF AN INTEGRATED 

CIRCUIT 
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Cross-Ref erence to Related Application : 

This application is a continuation of copending International 
Application No. PCT/DEOl/04957 , filed December 28, 2001, which 
designated the United States and was not published in English. 

10 

Background of the Invention : 
Field of the Invention : 
The invention relates to a method for determining one or more 
critical paths of an integrated circuit. 

15 

Critical (signal) paths are those paths of an integrated 
circuit that limit the signal processing speed of the circuit 
and, thus, its efficiency. If the efficiency of the circuit is 
to be increased, the critical path must, first, be determined 
20 and, then, accelerated by optimization. The latter can be done 
by shortening the signal transit time of this path by stronger 
resistors or gates. 

It is usually assumed that, in an integrated circuit, the 
25 critical path is determined by the "longest" path (i.e., the 
path with the maximum signal transit time Tm) . It is, 
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therefore, one aim of circuit development to find this longest 
path in the circuit. 

The conventional procedure for finding the critical or longest 
5 path of a circuit lies in that, during an analysis or 
simulation of the circuit by the circuit design, it is 
established for each path whether or not it is longer than the 
longest one of the paths examined until that point in time. If 
it is shorter, it will no longer be taken into consideration 
10 thereinafter. If it is longer, it is considered to be the 
critical path until, possibly, an even longer path is 
determined . 



It is also already known to determine a number of critical 
15 paths for an integrated circuit. For example, all paths 

analyzed, the signal transit time of which falls into the 
interval with the limits of 0.95 x Tm to Tm, can be defined as 
critical paths (which, therefore, are to be optimized) . 

2 0 The present invention is based on the finding that such a 

method can no longer be applied with modern CMOS technologies. 
This is due to the fact that, in modern CMOS technologies, the 
uncorrelated statistical fluctuation of the transistor turn-on 
voltage increases, where the standard deviation of the 

25 distribution of the turn-on voltage can, in the meantime, be 
up to 40mV. The gate and path transit times fluctuate 
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correspondingly, the latter additionally depending on the 
number of gates on the path considered. These aspects are not 
taken into consideration in the known method for determining 
the critical path. 

5 

The effect described (influence of the fluctuation of the 
turn-on voltage on the criticality of the paths) is magnified 
further due to the lowering of the supply voltage currently 
practiced in the art. With 0.12 fim technology, the supply 
10 voltage is, now, only approximately 1.2 volts. 



Summary of the Invention : 

It is accordingly an object of the invention to provide a 
method for determining the critical path of an integrated 
15 circuit that overcomes the hereinaf ore-mentioned disadvantages 
of the heretofore -known devices and methods of this general 
type and that makes possible use of the method for circuits 
with low supply voltages. 



2 0 With the foregoing and other objects in view, there is 

provided, in accordance with the invention, a method for 
determining at least one critical path of an integrated 
circuit limiting a processing speed of the integrated circuit, 
including the steps of, first, determining the paths provided 

25 in the integrated circuit, their mean path transit times, and 
their path transit time fluctuations are, first, determined. 
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The paths are, then, ordered in accordance with statistical 
aspects, i.e., paths that substantially have the same mean 
path transit times and the same path transit time fluctuations 
are combined to form one path group. For each path group, a 
5 group figure is, then, calculated that statistically describes 
the path transit time distribution of this path group. The 
statistical description takes into consideration that, as a 
rule, a path is of a number of gates, and the fact that, in 
most cases, a path group contains a number of paths (with 

10 substantially identical statistical characteristics) . In 

addition, a figure that is called the total figure and that 
statistically describes the transit time distribution of the 
totality of the paths considered is calculated for the ' 
totality of the paths considered. Finally, the critical path 

15 or paths of the circuit are determined by comparing the group 
figures at or above a critical path transit time Tc. The 
critical path transit time Tc is determined by taking into 
consideration the total figure. 

20 In the present text, the term "integrated circuit" can 

designate both an integrated circuit in its totality (chip) 
and a partial section of an integrated circuit. 

Thus, an important aspect of the invention lies in 
25 statistically describing both the path transit times occurring 
in a path group and the path transit times occurring in the 
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entire circuit considered. Thus, path transit time 
fluctuations in the path groups and in the entire circuit 
considered are, statistically, covered. Rating a path or, 
respectively, the paths of a group with respect to their 
5 "length" is, then, performed by taking into consideration all 
paths - unlike in the conventional methods. This is expressed 
by determining the critical path transit time Tc by taking 
into consideration the total figure. 

For determining the critical path or paths, a value is, 
preferably, predetermined for the total figure and the 
critical path transit time Tc is determined as the path 
transit time at which the total figure assumes the 
predetermined value. Because the total figure is a statistical 
description of the path transit times occurring in the 
circuit, the predetermined value can be interpreted as a 
confidence value. 



In accordance with another mode of the invention, the fact 
2 0 that (only) those paths, the group figures of which exceed a 
predeterminable threshold value at or above the critical path 
transit time, are determined as critical paths. The result is 
that of the potentially critical paths (those paths that have 
a non-disappearing group figure at or above the critical path 
25 transit time) , only those having a higher statistical weight 
are actually considered as critical paths. 
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In accordance with a further mode of the invention, after the 
initial determination of the paths provided in the integrated 
circuit and their mean path transit times, a preselection of 
5 the paths still to be considered in the further course of the 
method is performed in such a manner that the paths, the mean 
path transit times of which are less than a x Tm, are 
immediately discarded, where Tm is the maximum mean path 
transit time determined in the preceding step and a is a 
10 quantity of less than 1 and, in particular, can be about 0.8. 
As a result, the computing effort required for the subsequent 
method steps can be clearly reduced. 

An advantageous definition of the group figure is 
15 characterized by the fact that it is given by the integral 
over the sum of the probability distributions of the path 
transit times of the paths of the path group considered. In 
such a case, the product of the number of paths of the path 
group and of the probability distribution of a path of this 
20 path group can be formed for calculating the sum of the 

probability distributions (the path transit times of the paths 
of the group considered) . In this approximation, the 
probability distributions of all paths of the path group are 
assumed to be identical. This reduces the computing 
25 expenditure for calculating the group figure. 
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The total group can be given, for example, by the sum of the 
group figures. 

5 It is pointed out that the group figure and the total figure 
can also be statistical functions that are defined in another 
way. The only important factor for the invention is that the 
critical paths are determined by a statistical evaluation of 
the path transit times of all relevant paths of the circuit. 

10 

Other features that are considered as characteristic for the 
invention are set forth in the appended claims. 

Although the invention is illustrated and described herein as 
15 embodied in a method for determining the critical path of an 
integrated circuit, it is, nevertheless, not intended to be 
limited to the details shown because various modifications and 
structural changes may be made therein without departing from 
the spirit of the invention and within the scope and range of 
20 equivalents of the claims. 

The construction and method of operation of the invention, 
however, together with additional objects and advantages 
thereof, will be best understood from the following 
25 description of specific embodiments when read in connection 
with the accompanying drawings. 
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Brief Description of the Drawings : 

FIG. 1 is a schematic and block circuit diagram of various 
paths in a circuit; 

5 

FIG. 2 is a graph illustrating a probability distribution of 
the path transit times of a path having nine gates ; 

FIG. 3 is a graph illustrating a probability function (yield) 
10 and probability distribution of the signal transit times of a 
path of nine gates; 

FIG. 4 is a graph illustrating probability functions (yields) 
of the path transit times of a path group with respect to a 
15 different number n of paths contained in the group; 

FIG. 5 is a graph illustrating probability functions (yields) 
of a path of ten gates and of a path group of 1000 paths with 
nine gates each; 

20 

FIG. 6 is a graph illustrating a probability distribution of 
the path transit times of a path of ten gates and the 
frequency distribution of a path group of 1000 paths with nine 
gates each; 

25 
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FIG. 7 is a graph illustrating integral figures of the 
functions shown in FIG. 6 and the sum of these two functions, 
the direction of integration leading from long path transit 
times to short path transit times; and 

5 

FIG. 8 is a graph illustrating an enlarged section of the 
diagram of FIG. 7. 

Description of the Preferred Embodiments : 

10 Referring now to the figures of the drawings in detail and 

first, particularly to FIG. 1 thereof, there is shown, by way 
of an example, a circuit (for example, a circuit section) that 
includes a path PI having ten serially disposed gates Gl, G2 , 
G10 (type A) and n identical paths PI', P2 ' , Pn' being, 

15 in each case, nine serially disposed gates Gl ' , G2 ' , G9' 

(type B) . Paths PI and PI', Pn' , respectively, in each case 
connect clocked input and output registers RE, RA and RE' and 
RA' , respectively. The individual path PI can be, for example, 
a path in a control unit, whereas the n identical paths PI'; 

20 P2', Pn' typically form a processing unit such as, for 
example, an adder or a multiplier. For example, a 32 x 32 
multiplier in a 31-stage pipeline exhibits 1024 paths with a 
length of eight gates each. 



25 During the conventional time analysis of such a circuit for 

determining the critical path, it is found that path PI is the 
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longest path because its signal transit time is longer by one 
gate transit time than the signal transit times of all other 
paths PI', P2', Pn' . Accordingly, path PI would be 
identified as the critical path in the prior art. If the 
performance of the circuit is to be increased, path PI would 
have to be accelerated by optimization. 

In the diagram shown in FIG. 2, the probability distribution 
of the path transit times of one of the identical paths PI', 
P2', Pn' of type B having nine gates is shown plotted 
against the path transit time specified in units of ns . The 
probability distribution (curve Kl) exhibits a certain width 
caused by fluctuations in the gate transit time. If, by 
comparison, there were to be no fluctuation in the gate 
transit times, the probability distribution would be given by 
the sharp value Wl = 1 (i.e., 100% probability) at a path 
transit time of 9 ns . 

The probability distribution shown by curve Kl is a normal 
distribution that is described by its mean value and its 
standard deviation. In the example shown here, the mean value 
is 9 ns and the standard deviation is 5% of the mean value. 

The mean value and the standard deviation of the probability 
distribution Kl can be calculated in familiar manner from the 
mean values and standard deviations of the individual gate 
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transit times that contribute to the path transit time. The 
mean value of the probability distribution of the path transit 
time is the sum of the mean values of the probability 
distributions of the gate transit times and the standard 
5 deviation of the probability distribution of the path transit 
time is the root of the sum of the squared standard deviations 
of the distributions of the gate transit time with respect to 
the individual gates. Assuming an identical probability 
distribution for the gate transit time for all gates of a 
10 path, the following is obtained: 

Hp = N ■ \x G . 
a p = Vn ■ a G 

where : 

15 

lip is the mean value of the path transit time distribution ; 
fi G is the mean value of the gate transit time distribution; 
a p the standard deviation (spread) of the path transit time 
distribution; 

2 0 ct g is the standard deviation of the gate transit time 
distribution; and 

N designates the number of gates (with identical probability 
distribution) of the path considered. 
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It is pointed out that the individual gate transit time 
distributions are uncorrelated . The cause of the occurrence of 
the fluctuations lies in the finite number of ions implanted 
during the doping. Fluctuations that are attributable to 
5 systematic effects (e.g., changes in the manufacturing 

conditions) and, therefore, correlated are not considered in 
this analysis. 

The statistical quantities /i P and /x G/ respectively, correspond 
10 to the nominal path transit time and the nominal gate transit 
time, respectively, i.e., the transit times that would occur 
with a turn-on voltage predetermined in a defined manner and 
equal in all transistors. 

15 In the example shown in FIG. 2, the standard deviation of the 
gate transit time is 15% of the mean value [i G of the gate 
transit time. 

The probability distribution shown in FIG. 2 can be reshaped 
2 0 into a yield curve by integration. The yield curve corresponds 
to the probability function of the normal distribution. The 
abscissa, now, no longer specifies the path transit time but 
represents the period of the clock signal elk with which the 
registers RE' and RA' shown in FIG. 1 are clocked. If the 
25 clock period is about 9 ns, the yield is only about 50% due to 
the path transit time fluctuation. It is only with longer 
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clock periods of approx. 9.4 ns that the yield is about 90%. 
That is to say, if the input register RE' changes from the 
logical state 0 to the logical state 1 at its output at a 
reference time t = 0 and the output register RA' reads out the 
5 logical state at the output of path PI' at time t = 9.4 ns, 
the probability that these state changes at the input of the 
path PI' has become noticeable at the output, in the meantime, 
is 90%. 

10 In FIG. 3, K2 is the yield curve. Both the yield curve K2 and 
the curve of the probability distribution Kl are plotted 
against the clock period (i.e., the length of the type B path 
considered) . 

15 A further characteristic of the fluctuation in the turn-on 

voltage (considered here) is, as already mentioned, the lack 
of correlation, i.e., directly adjacent transistors can have 
turn-on voltage differences of up to 6 standard deviations 
with a probability corresponding to a normal distribution. 

2 0 With a standard deviation of 4 0 mV of the probability 

distribution for the turn-on voltage, this corresponds to a 
difference of 6 x 40 mV = 240 mV between the turn-on voltages 
of adjacent transistors. The lack in correlation, then, leads 
to the yield curve of a path depending on the number n of 

25 paths of identical configuration (i.e., of the same type). 
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In the text that follows, paths of identical configuration are 
called path group (a wider definition of this term will be 
given later) . FIG. 4 shows the yield curves of the path group 
of type B with n = 1, 10, 100, 1,000 and 10,000. The curve for 
5 n = 1 corresponds to yield curve K2 , i.e., the yield curve of 
one path. The yield curves for n > 1 are obtained by raising 
the yield curve K2 to the power of the number n of the paths 
of the path group. FIG. 4 shows that the clock period (i.e., 
the length of the path group) increases for a particular yield 
10 level, e.g., 90%. The increase is graphically illustrated in 
FIG. 4 by the arrow P. 

FIG. 5 is used for explaining why, in the circuit example 
shown in FIG. 1, the conventional determination of the 

15 shortest path under said presumptions leads to a wrong result 
with respect to the determination of the critical path. Curve 
K3 corresponds to the yield curve, shown in FIG. 4, for n = 
1000 paths of the path group of the type B paths. In FIG. 5, 
the yield curve of path PI (more generally of the path group 

20 of the type A paths) is designated by K4 . The mean value of 

the associated probability distribution is located at a clock 
period of 10 ns because it occurs at a yield of 50%. FIG. 5 
illustrates that with a required yield of 90%, the two path 
groups A and B influence the performance of the circuit with 

25 approximately equal weight. If there are more type B paths or 
the fluctuation of the gate transit times is greater (as 
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already, mentioned, a gate transit time fluctuation of 15% was 
used as a basis for this example) , the performance is 
exclusively determined by the type B paths. In this case, 
therefore, paths PI', Pn' and not path PI must be optimized 
5 to improve the performance of the circuit. 

In the text that follows, a possible sequence of the method 
according to the invention will now be explained with 
reference to the circuit example in FIG. 1. 

First, the paths provided in the integrated circuit and their 
mean path transit times and the standard deviation of the path 
transit time distribution are determined. As already 
mentioned, the latter is equal to the root of the sum of the 
squared gate transit time standard deviations. 

Thereafter, those paths that, with certainty, do not limit the 
processing speed of the integrated circuit can be discarded to 
reduce the computing effort. This can be done, for example, by 
20 no longer taking into consideration in the following process 
steps all paths, the path transit time of which is shorter 
than 0.8 x Tm, where Tm is the longest mean path transit time 
found, i.e., 10 ns of path PI in the example shown in FIG. 1. 
Because the type B paths do not meet this condition, they are 
25 not discarded. 
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Subsequently, the paths with matching statistical parameters 
are combined. Combined paths form a path group. The simplest 
possibility lies in each group exclusively having identical 
paths. In FIG. 1, a first path group is formed by the type A 
5 path PI, and a second path group is created by the type B 

paths PI', P2', Pn' . A general definition of a group lies 
in that the paths contained in the group all have 
substantially identical mean path transit times and path 
transit time fluctuations, i.e., are identical or at least 
10 similar with respect to their statistical parameters. 

In a next step, the mean values and standard deviations of the 
. path transit times of the path group are determined. To reduce 
, the computing effort, the distribution function of the n paths 

15 of the group can be represented by the distribution function 
multiplied by n (probability density) of a path. This step is 
shown in FIG. 6 for the example explained by FIG. 1. By adding 
together distribution functions, one changes from the 
probability density functions to a frequency distribution of 

20 path transit times that is plotted along the logarithmically 

graduated ordinate of the diagram shown in FIG. 6. Curve K5 is 
obtained by multiplying the probability density function 
(i.e., the probability distribution) for a type B path by n = 
1000. This, analogously, produces curve K6 for the group of 

25 the type A paths, where n = 1 applies in this case because the 
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group only includes one path PI (to this extent, this remains 
a probability distribution) . 

After that, in accordance with FIG. 7, the distribution 
5 functions added together (i.e., in the general case, the 

probability distributions allocated to the groups according to 
K5 and frequency distributions according to K6) are integrated 
up beginning with a path transit time of infinitely large path 
transit times toward small path transit times. The integral 
10 figure obtained during this process can be represented in the 
form of : 



oo T 
M(T) = j F(T )dT- 1 F(T )dT 

— CO — 00 

15 where: 

T is the path transit time; 

M(T) is the integral figure ; 

T' is an integration variable; and 

F(T") is the added distribution function of a path group. 

20 

In FIG. 7, the dotted line B represents the integral figure of 
the added distribution (curve K5) of the 1000 paths of type B, 
whereas the continuous thin line A is the distribution (curve 
K6) of the type A path PI. 

25 
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In a further step, curve S, shown with a bold continuous line, 
is, then, calculated that is the sum of the two curves A and 
B. Curve S represents the integral figure of the totality of 
all paths considered of the circuit forming the basis of the 
5 analysis (the integral figures are plotted logarithmically, 
which is why the difference between curves S and B is only 
visible at small values of the integral figure) . 

Naturally, the step of addition for determining the total 
10 integral figure (curve S) can also take place even before the 
integration by adding the frequency distributions/probability 
distributions (K5 and K6) . 

Finally, the critical path or paths of the circuit are 
15 determined by comparing the integral figures A and B, taking 
into consideration the total figure S. 

FIG. 8 shows the variation of curves A, B, S within the 
section E shown in FIG. 7 in greater detail. First, a critical 
2 0 clock rate Tc is determined at which the total figure has a 
value x, x representing a quantity corresponding to the 
required yield. The relation between the quantity x and a 
required yield A (in percent) is A = (l-x)-100 [%] , i.e., x = 
0.1 at a required yield of 90%. 

25 
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In FIG. 8, a critical clock rate Tc = 10.75 ns is obtained for 
x = 0.1. All paths of path groups that contribute to the total 
integral figure S in the interval between Tc and T = oo are, 
then, determined as critical paths. 

5 

FIG. 8 shows that type A paths (curve A) and type B paths 
(curve B) contribute in approximately equal amounts to the 
total integral figure S at x = 0 . 1 (the type A path PI 
provides a contribution of about 0.055 whereas the 
10 contribution of the type B paths is approximately 0.045). 

In a concluding step, the paths with a contribution that is 
comparatively small and is below a predetermined limit value 
can be eliminated from the set of critical paths found. The 
15 limit value depends on the size of the circuit. There is no 
such path in the example shown in FIG. 8. 

The method steps described are performed during a computer- 
aided analysis or simulation of the circuit on the basis of a 
20 circuit design. The circuit design is, then, optimized in 
dependence on the critical paths found. 
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